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Abstract
Summarizing the results of [1], we discuss the four-dimensional effective approach to type
II N = 1 supersymmetric flux compactifications with general SU(3) × SU(3)-structure. In
particular, we study the effect of a non-trivial warp factor, which we argue leads naturally
to a supergravity formulation invariant under local complexified Weyl transformations. We
show that the full ten-dimensional supersymmetry equations can be obtained as F-flatness
and D-flatness conditions from the superpotential and Ka¨hler potential. We then consider non-
perturbative corrections to these supersymmetry conditions, following from adding instanton or
gaugino condensation effects to the superpotential. As examples, we show how smeared instan-
tons allow to understand the ten-dimensional geometry of KKLT-like AdS vacua and we give
an explanation for the superpotential for “mobile” D3-branes in terms of a non-perturbatively
induced generalized complex structure.
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1 N = 1 flux backgrounds
By now there is a huge literature on compactifications with fluxes (for reviews see [2])
as they feature potentials for some or even all of the scalars appearing in the four-
dimensional effective theory, and thus get rid of unobserved massless scalars, making way
for phenomenologically more interesting theories. Typically, some of the supersymmetry
is assumed to be still present in the four dimensions, while complete supersymmetry
breaking is then to take place at a lower energy scale. Without fluxes, the supersymmetry
conditions lead to a Calabi-Yau manifold as compactification geometry, and even in a
special case of type IIB with fluxes it is possible to find warped Calabi-Yau geometry as
a solution. So far this is the most studied and best understood case.
In general however, it was shown in [3] that the supersymmetry conditions for N = 1
supersymmetric flux compactifications of ten-dimensional type II supergravity onto four-
dimensional Minkowski or AdS4 can be succinctly described in the language of generalized
complex geometry [4]. Indeed, let us make the following compactification ansatz for the
ten-dimensional Majorana-Weyl supersymmetry generators
ǫ1 = ζ+ ⊗ η(1)+ + ζ− ⊗ η(1)− , ǫ2 = ζ+ ⊗ η(2)∓ + ζ− ⊗ η(2)± , (1)
where the upper/lower sign here and in the following is for type IIA/IIB respectively
and ζ− and η
(1,2)
− are the complex conjugates of ζ+ and η
(1,2)
+ . ζ+ is an arbitrary four-
dimensional Killing spinor specifying the N = 1 supersymmetry — in AdS4 it satisfies
∇µζ− = ±12W0γµζ+ and in Minkowski just ∇µζ+ = 0 — while η(1,2) are fixed spinors
characterizing the geometry of the internal manifold M . Both η(1) and η(2) describe
an SU(3)-structure so that the internal geometry is said to possess an SU(3) × SU(3)-
structure. This naming convention can be slightly misleading since η(1) and η(2) are not
necessarily (everywhere) independent and likewise for the associated SU(3)s. From η(1,2)
one can build two polyforms of definite chirality, one of strictly even forms and one of
strictly odd forms. Appropriately normalized they read
Ψ± = − i||η(1)||2
∑
l
1
l!
η
(2)†
± γm1...mlη
(1)
+ dy
ml ∧ · · · ∧ dym1 . (2)
As an example, η(2) = cη(1) leads to the familiar case of strict SU(3)-structure and
the above polyforms become Ψ+ = −ic−1eiJ and Ψ− = Ω, where J and Ω are the (not
necessarily closed) symplectic two-form and holomorphic (3, 0)-form. In the presence of
O3 or O7-planes (and corresponding D-branes) for example, we have c = ±i.
Renaming the polyforms as Ψ1 = Ψ∓ and Ψ2 = Ψ± for type IIA/IIB respectively,
the supersymmetry conditions in both theories are completely equivalent to the following
differential conditions on Ψ1,2
dH
(
e4A−ΦReΨ1
)
=3 e3A−ΦRe(W¯0Ψ2) + e
4AF˜ , (3a)
dH
[
e3A−Φ(W¯0Ψ2)
]
=2i |W0|2e2A−ΦImΨ1 , (3b)
dH(e
2A−ΦImΨ1) =0 , (3c)
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where dH = d +H∧ is the exterior derivative twisted by the NSNS three-form H , A is
the warp factor, Φ the dilaton and the RR fluxes F tot split as follows in an external and
an internal part F tot = F + e4Avol4 ∧ F˜ .
There is a close relationship between these conditions and the conditions for probes
in these backgrounds to be supersymmetric. Indeed, it was found that D-branes are
supersymmetric iff they are generalized calibrated [5, 6, 7, 8] and the differential condi-
tions for the calibration forms of the different types of D-branes are exactly the above
conditions. In [8] it was shown that this relation not only holds for Minkowski or AdS
compactifications, but extends to general static backgrounds. For backreacting D-branes,
it was found in [9] that the above background supersymmetry conditions together with
the source-corrected Bianchi identities of the form fields still imply the source-corrected
Einstein equation and dilaton equation of motion, provided that the D-brane sources are
generalized calibrated.
2 The four-dimensional effective action
N = 1 gauged supergravity is completely described by the Ka¨hler potential, the super-
potential and the gauge kinetic function. First we will derive the superpotential from the
tension of a domain wall, next we will argue that the most appropriate formulation in the
presence of a non-trivial warp factor is in fact the (partially gauge-fixed) superconformal
action of [10] and finally we will construct the conformal Ka¨hler potential. We will leave
the analysis of the gauge kinetic function for future work.
It turns out to be possible to organize the ten-dimensional fields into objects belonging
to the four-dimensional effective description without making a full reduction to a four-
dimensional supergravity theory with a finite number of fields. This full reduction, which
would be the next step, would involve making a choice of suitable zero- or light modes
in which to expand and would depend on the details of the compactification [11, 12, 13].
However, it turns out that we can already gain new insights in the current description, for
instance when adding a non-perturbative superpotential, a quantity usually associated
to the four-dimensional description, as we will demonstrate in section 3.
2.1 Superpotential from the domain wall tension
The superpotential of the four-dimensional effective theory was already derived by ana-
lysing the gravitino supersymmetry variation or the gravitino mass in [11]. Here we will
rederive it from a domain wall argument in a similar way as the Gukov-Vafa-Witten
superpotential in [14] and obtain the correct dependence on the warp factor.
The tension of a BPS domain wall orthogonal to x3 (spanning R) and wrapping an
3
internal generalized cycle (Σ,F) is given by [5]
TDW = 2π
∣∣∣∣
∫
Σ
e3A−ΦΨ2|Σ ∧ eF
∣∣∣∣ = 2π
∣∣∣∣
∫
R×M
〈e3A−ΦΨ2, jDW(Σ,F)〉
∣∣∣∣ , (4)
where jDW(Σ,F) is the generalized current [7] in R×M associated to the domain wall. Using
the Bianchi identities, dHF = −jDW(Σ,F), we obtain
TDW = 2π
∣∣∣∣
∫
{x3=∞}×M
〈e3A−ΦΨ2, F 〉 −
∫
{x3=−∞}×M
〈e3A−ΦΨ2, F 〉
∣∣∣∣ . (5)
From the four-dimensional point of view the D-brane can be seen as the domain wall
separating two flux vacua. In [15] it was argued that its tension is related to the difference
between the values of the superpotential in the two configurations: TDW = 2|∆W|. From
this formula we can read off the on-shell superpotential, i.e. the superpotential evaluated
in the vacuum
Won-shell = π
∫
M
〈e3A−ΦΨ2, F 〉 . (6)
To extrapolate the above on-shell expression to the complete off-shell superpotential we
demand holomorphicity as a minimal requirement. We should thus first find the natural
complex variables of the setup.
A first natural holomorphic variable is suggested by the on-shell superpotential itself
and is given by
Z ≡ e3A−ΦΨ2 . (7)
We can find the second holomorphic variable by looking at the action of a supersymmetric
D-brane instanton, reading [1]
SE = 2π
∫
Σ
(e−ΦReΨ1 − iC)|Σ ∧ eF . (8)
This suggests the following definition for the second holomorphic coordinate
T ≡ e−ΦReΨ1 − i∆C , (9)
where we split the RR-fluxes as F = F0+ d∆C with dF0 = −j, and thus for the off-shell
superpotential
W = π
∫
M
〈Z, F0 + i dHT 〉 = π
∫
M
〈Z, F + i dH(ReT )〉 . (10)
2.2 The warp factor and the conformal Ka¨hler potential
The compactification ansatz for the metric
ds2 = e2A(y)gµν(x)dx
µdxν + hmn(y)dy
mdyn , (11)
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is in fact invariant under a simultaneous shift of the warp factor and a rescaling of the
metric
A→ A+ σ and g → e−2σg . (12)
Moreover, Z contains a redundancy in its phase so that the theory is also invariant under
the chiral rotation
Z → eiαZ . (13)
The general N = 1 supergravity with such a gauge invariance can be constructed by
partially gauge-fixing the superconformal action of [10]. The conformal Ka¨hler potential
N multiplies the Einstein-Hilbert term in the action of [10]. From dimensional reduction
with the ansatz (11) we find
N = 4π
∫
M
d6y
√
det h e2A−2Φ =
π
2
(
i
∫
M
e−4A〈Z, Z¯〉
)1/3(
i
∫
M
e2A〈t, t¯〉
)2/3
, (14)
with t = e−ΦΨ1.
We can isolate the arbitrary complex factor in Z
Zold = Y 3Znew , (15)
gauge-fix the complex Weyl invariance (12,13) — we refer for more details to [10] and [1]
— and obtain a standard supergravity in the Einstein frame with
WE =M3PW , (16a)
K =− 3 logN , (16b)
where MP is the four-dimensional Planck mass. In here, W and N have the same
functional form, but the old Z is replaced with the new one defined in (15).
2.3 The supersymmetry conditions as F-flatness and D-flatness
conditions
A careful analysis [1] (see also [16]) shows that the F-flatness conditions
δZ,TW − 3(δZ,T logN )W = 0 , (17)
where the variations are with respect to the holomorphic coordinates Z and T defined in
(7) and (9) respectively, exactly reproduce the supersymmetry conditions (3) if W0 6= 0.
When W0 = 0 (in the Minkowski case) eq. (3c) has to be added separately. This makes
sense since it was also shown in [1] that (3c) can be interpreted as a D-flatness condition,
which only when the vacuum expectation value of the superpotential W0 is not zero,
follows on general grounds from the F-flatness condition.
This provides a non-trivial check on the superpotential W and the conformal Ka¨hler
potential N .
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3 Non-perturbative corrections
Suppose we add a non-perturbative termWnp to the superpotential generated by D-brane
instantons or stacks of space-filling D-branes undergoing gaugino condensation. It can
be shown that this term takes the form
Wnp = A exp
(
− 2π
n
∫
M
〈T , jnp〉
)
, (18)
where jnp is the generalized current for the cycle wrapped by the instantons or the D-
branes on which the gaugino condensation takes place, and the overall factor A comes
from the determinant of the Dirac action for the fermions on the D-branes, and should
depend holomorphically on the background closed and open string degrees of freedom
in a way consistent with the complexified Weyl invariance (12,13), which becomes the
Ka¨hler invariance in the Einstein frame. Its explicit form is generically hard to compute.
In the same way as outlined in section 2.3 one finds the non-perturbatively corrected
supersymmetry equations
dHZ = 2i(W +Wnp)N e
2AIm t+
2i
n
Wnp jnp . (19)
3.1 KKLT-like AdS vacua from smeared instantons
At tree level a supersymmetric type IIB compactification onto AdS4 with strict SU(3)-
structure is impossible. In particular, it is not possible to solve (3b). This seems in
contradiction with the solution of [17]. However, that paper took into account non-
perturbative corrections and to account for their solution we should replace (3b) by (19).
By introducing instantons with smeared current
˜np =
πσ
N e
2AIm t , (20)
where, in analogy with [17], we have defined
σ =
∫
Σ
ReT |Σ ∧ eF , (21)
it is possible to find a solution with dHZ = 0 and in the SU(3)-structure case a solution
with integrable complex structure. Indeed, substituting ˜np in (19) and putting the right-
hand side to zero we find
W = −Wnp
(
1 +
π
n
σ
)
. (22)
Notice that there is an additional factor of 4/3 multiplying σ with respect to eq. (13) of
[17], which comes from the failure of [17] to take into account the world-volume flux F
on the D-brane, which should necessarily be non-zero since generically 0 6= H|Σ = dF .
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3.2 Mobile D3-branes
Let us now consider the effect of a localized instanton. In the regime of reliability of
the non-perturbative correction, we expect the first term on the right-hand side of (19)
to be small, as the estimate of the previous subsection confirms. Thus, locally, we may
consider the source term as the leading one on the right-hand side of (19), especially in
the neighbourhood of the source, and write
dHZ ≃ 2i
n
Wnp jnp . (23)
Let us now consider the warped Calabi-Yau IIB background for which classically Z = Ω.
In such a background probe D3-branes have classically a trivial superpotential, since
[6, 7]
dWD3 = −πZ(1) = 0 . (24)
However, in the presence of localized instantons, it follows from (23) that Z develops a
one-form part and thus deforms into a generalized complex structure
dZ(1) = −2i
n
Wnp δ(2)(Σ) . (25)
But we can easily see from (24) that in such a background D3-branes do feel a non-trivial
superpotential. For a small deformation Z(1) and identifying WD3 with Wnp since Wnp
should contain itself all the dependence on the space-filling D3 moduli, we find
∂¯(∂ logWnp) = 2πi
n
δ(2)(Σ) . (26)
This is solved by
Wnp = f 1/nW˜np , (27)
where W˜np does not dependent on the D3-brane moduli and f is the holomorphic sec-
tion of the line bundle associated to the divisor Σ, which vanishes at the location of Σ
itself. The final formula (27) is in perfect agreement with the results of [18, 19, 20],
but gives a new ten-dimensional insight into them. The key point is the deformation
of the classical background complex structure into a non-perturbatively generated truly
generalized complex structure, which is exactly what gives a non-trivial superpotential
to the D3-branes in a geometric way along the lines of [6, 7].
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